Morais, JoA£o Pedro
Real quaternionic calculus handbook

2014

Contents

An Introduction to Quaternions

1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
19
1.10
1.11
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19
1.20
1.21
1.22
1.23
1.24
1.25
1.26
1.27
1.28
1.29

Quaternions and Spatial Rotation

2.1
2.2

Arithmetic Operations
Special Quaternions
Decomposition of Quaternions

Quaternion Conjugation
Quaternion Modulus and Quaternion Inverse
Quaternion Quotient
Triangle Inequalities
Quaternion Dot Product
Quaternion Cross Product
Mixed Product
Development Formula
Sum Identity for the Double Vector Product
Lagrange Identity
Quaternion Outer and Even Products
Equivalent Quaternions
Polar Form of a Quaternion
Quaternion Sign and Quaternion Argument
Quaternion Argument of a Product
Principal Argument
de Moivre’s Formula
Failure for Noninteger Powers
First Matrix Representation of Quaternions
Second Matrix Representation of Quaternions
Advanced Practical Exercises

Composition of Rotations

O 00 ~J b b bW

digitalisiert durch:
IDS Basel Bern



Contents

2.3 Rotation Matrix Representation ................coovvveiviiiiiinn... 40
2.4 Quaternion Representation of Rotations ......................oeue 42
2.5 Euler-Rodrigues Formula ..., 46
2.6 Applications to Plane GEOmMEIry ..........ovvrieniiiiieenniannn.. 47
2.7 Advanced Practical EX€ICISES. . .vveurtreiniiiie e 49
Quaternion SequUeNces ...............cooiiiiiiiiii 53
3.1 Quaternion SEqUENCE.. ... ..vviveiiiet et 53
3.2 Scalar and Vector Parts of a Quaternion Sequence ................. 54
3.3  Symmetric, Conjugate, Modulus and Inverse

of a Quaternion Sequence.............oooiiiiiiiiii i 54
3.4  Arithmetic Operations. .........cooevieereriirneereeiieeians 54
3.5 Convergence of a Quaternion Sequence......................o..e. 56
3.6  Divergence of a Quaternion Sequence ..............c.ooeveeeennn.. 56
3.7 Ciriterion for Convergence .................cocoeieiiiiiiiiainn... 58
3.8 Certain ‘Property Eventually’ .............coviiiiiiiiiiiiinn. 59
3.9 Quaternion Subsequence................oiiiiiiiiiii 60
3.10 Expression ‘of the Order of” ........ccoiiiiiiiiir i, 60
3.11 Equivalent Convergence Criteria ................cooeeiiiiiinninnns 61
3.12  Cauchy Quaternion SEqUENCe ................ceeeevneiiniiiiennnns 61
3.13  Cauchy Convergence TeSt. ... ..o.vuverreerinrieeienneaniaiineains 62
3.14  Summation by Parts .......c..oviiieiiei i 63
3.15  Abel Transformation ...........coovviiiiiiiiriiiieiieeeieineenn, 63
3.16 Advanced Practical EXercises...........c.ovevriiienienneiiiananninnns 64
Quaternion Series and Infinite Products................................. 69
4.1 QUALEINION SEIIES . .\vve ettt ettt et 69
4.2 Arithmetic Properties of Quaternion Series............c.c.ocovnnn. 70
43  Geometric QUALEITHOR SETIES ... ovverrvintirterriainneaneeneannns 70
4.4 A Necessary Condition for Convergence .................cooveuvsns 72
4.5  The nth Term Test for Divergence............c.covvveeeiveineananns 73
4.6  Absolute and Conditional Convergence of a Quaternion Series ... 73
AT ROOETESE. ..ttt ettt e e e e a e eenes 74
4.8 RAtiOTESt ...ttt e 75
4.9  Quaternion Sequences of Bounded Variation ....................... 76
4.10 Dirichlet’s TSt ........ouiviiireriirenetiiitaraneeaieeeneenanes 76
4.11  Alternating Series TeSt . ... .ouvueererrrinrireerarinrenerienaneeaens 77
412 ADIS TeS. ..\ ittt 71
4.13  Quaternion POWer SETies .. ......uvueeerarirrininanenaneiniinennnens 78
4.14  Radius Of CONVEIZENCE . ... . .uvurneneninrreienienenaaanairenenes 79
4.15 Theoretical RAIUS ...........uovvineeeeinitiririaiaenneeaiaanenenns 81
4.16 The Arithmetic of Quaternion POwWer Series ...............c..o.eee 81
4.17 Infinite Products of Quaternion Numbers ...............c.cccoeese-- 82
4.18 Absolute and Conditional Convergence of a Quaternion

Product........ ..o 82
4.19  Advanced Practical EXerCiSes...............uevuerereennenncanarenees 83



Contents xi

S Exponents and Logarithms..........................oon 87
5.1  Quaternion Natural Exponential Function .......................... 88
5.2 Modulus, Argument, and Conjugate of the Quaternion
Exponential Function ... 91
5.3 Quaternion Natural Logarithm Function............................ 92
5.4  Limits of the Quaternion Exponential and Logarithm
Functions ..o 93
5.5  Principal Value of a Quaternion Natural Logarithm Function ..... 94
5.6  The Inverse of the Quaternion Natural Logarithm Function ....... 96
5.7  Quaternion Power Function..............ccoieeiiiiiiiiiiiiineinnnnn, 97
5.8  General Properties of the Quaternion Power Function ............. 98
5.9  Principal Value of a Quaternion Power Function ................... 100
5.10 Advanced Practical EXercises............oooeeviiiiiiiiiinianieennnn. 100
6 Trigonometric Functions..........................coo 107
6.1  Quaternion Sine and Cosine Functions....................coovenn.. 107
6.2  Trigonometric Identities ..............cooviiiiiiiiiiiiii i 109
6.3  Trigonometric EQuations...............cooiiiiiiiiiiniiiiiinniienn, 110
0.4 ZTOS o e 111
6.5 Quaternion Tangent and Secant Functions .......................... 113
6.6  Quaternion Cotangent and Cosecant Functions..................... 114
6.7  Advanced Practical Exercises...........ccoovviiiiiiii e, 115
7 Hyperbolic Functions ...................ooiiiii i 117
7.1 Quaternion Sine and Cosine Hyperbolic Functions ................ 117
7.2  Hyperbolic Identities ...........c.ccevviiiiiiiiiiiiiiiiiiii .. 118
7.3  Equations with Hyperbolic Functions .............................. 120
7.4  Relation to Quaternion Sine and Cosine Functions................. 121
TS5 ZTOS ot 121
7.6 Quaternion Tangent and Secant Functions .......................... 122
7.7  Quaternion Cotangent and Cosecant Hyperbolic Functions........ 123
7.8  Advanced Practical EXercises............cccevvviiiiiiiiiiiiiniinn.. 123
8 Inverse Hyperbolic and Trigonometric Functions ...................... 125
8.1  Quaternion Inverse Hyperbolic Sine and Cosine Functions........ 125
8.2  Quaternion Inverse Hyperbolic Tangent Function .................. 129
8.3  Quaternion Inverse Trignometric Sine and Cosine Functions...... 130
8.4  Quaternion Inverse Trignometric Tangent Function ................ 130
8.5  Advanced Practical Exercises.............c.ooiviiiiiiiiiiiinn, 131
9 Quaternion Matrices ..............ooiiiiiiiiiiit i e 133
9.1 Quaternion Matrices.......covivriiiiiiiiinr i, 133
9.2 EqUality c..oeiriiii e 134
0.3 RANK.....o\iittiitiii e e e 134
9.4  Matrix Arithmetic and Operations................oooeeieeneniinne... 134
9.5  Special Quaternion Matrices.............ocooviiiiiiiiiii 136

9.6  Basic Notions of Quaternion Matrices ..............cc.ocovveviine... 137



xii Contents
9.7 Inverseof a Quaternion MatriX .............eovveiviinienrenen..... 138
9.8  Quaternion Conjugate of a Matrix............coooviiiiiiienniinnn. 139
9.9  Quaternion Transpose, Conjugate Transpose,
and Inverse MAtriCes .......ovvviiierinn e et craie e eeenenrnnnnns 140
9.10 Positive and Semi-positive Definite Quaternion Matrices........... 141
9.11 Determinant of a Quaternion Matrix .................ooeeiieininen.. 141
9.12 Dieudonné Determinant............oovevviriierierniinereeerenenennn. 143
9.13 Quaternion Eigenvalues and Eigenvectors .......................... 144
9.14 Spectrum of a Quaternion Matrix ..............oooviiiiiiiiiiin. .. 145
9.15 Right Eigenvalue Equalities ...................o.o 145
9.16 Advanced Practical EXercises...........coooveviviiiiinnnnnieneeennn. 146
10 Monomials, Polynomials and Binomials ................................. 149
10.1 Quaternion Monomials.............oooiiiiiiiiiii i 150
10.2 Quaternion Monomials Arithmetic and Operations ................ 151
10.3 Quaternion Polynomials ..o 152
10.4 Factoring and Roots of Quaternion Polynomials ................... 152
10.5 Quaternion Binomial ...............ooo i 154
10.6 Basic Relations of Quaternion Binomials........................... 154
10.7 Inverse of the Quaternion Binomial ....................cociiveieit 157
10.8 Basic Relations of Quaternion Inverse Binomials .................. 158
10.9 Advanced Practical EXerciSes...........ooviiiiiiiininiinnnnennnnns 162
11 SoIUtiONS ... e e 165
Bibliography ... 211



	006268587 [TOC]
	Inhalt
	Seite 1
	Seite 2
	Seite 3
	Seite 4



